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Abstract
A black brane solution to a Gauss-Bonnet massive gravity is introduced. In the
context of AdS/CFT correspondence, the viscosity to entropy ratio is found by the
Green-Kubo formula. The result indicates violation of the well-known KSS bound as
expected in a higher derivative theory. Setting mass zero gives back the known viscosity
to entropy ratio dependent on the Gauss-Bonnet coupling, while without Gauss-Bonnet
term, a nonzero mass parameter doesn’t contribute to the ratio which saturates the
bound of 14π .
Keywords: Gauss-Bonnet gravity, Massive gravity, Shear viscosity, Green-Kubo for-
mula
1 Introduction
For decades, various modifications of the Einstein gravity like Lovelock gravity [1],
brane world cosmology [2], scalar-tensor theories[3], and the so-called F (R) gravity have
been proposed to address important problems in cosmology such as the cosmological
constant, dark energy and dark matter. A common ingredient of these modified theories
is the massless graviton. So it would be interesting to consider addition of a massive
graviton to these theories [7, 8]. To study this new class of gravities it is important to
find various spacetimes in different setups. One of the interesting setups is inclusion
of the massive gravity in a higher derivative theory such as the Gauss-Bonnet gravity
and looking for a black hole solution. This is what we do in section 2. In the context of
massive Gauss-Bonnet gravity with a cosmological constant, we find a class of solution
which includes black holes with either spherical or hyperbolic horizons and particularly
a black brane solution with a flat horizon.
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On the other hand, it is well known from the AdS/CFT duality [9, 10, 11] that
quantum gravity, string theory, on an AdSd+1 background is dual to a d-dimensional
CFT, which is a non-gravitating theory. The latter can be described by hydrodynamics
as an effective theory of QFT at large distances and time-scales [12]. The AdS/CFT
duality leads to fluid/gravity correspondence in this limit [13, 14, 15]. So it is worth
to study the hydrodynamics of the QFT by the corresponding gravity theory via the
AdS/CFT duality. The suitable solution to investigate the hydrodynamics is a black
brane.
The hydrodynamics equations are laws of conservation of energy and momentum
[12, 16],
∇µT µν = 0, (1)
T µν = (ρ+ p)uµuν + pgµν . (2)
According to dictionary of AdS/CFT, a black brane within the bulk is dual to a fluid
on the boundary. It also implies that the Einstein equation in the bulk corresponds
to the conservation of the energy-momentum equation on the boundary and the bulk
metric is the dual field of the energy-momentum tensor of the boundary theory.
In the large wavelength limit where the hydrodynamics regime is valid, we expand
the energy-momentum tensor as follows,
T µν = (ρ+ p)uµuν + pgµν − σµν (3)
σµν = PµαP νβ[η(∇αuβ +∇βuα) + (ζ − 2
3
η)gαβ∇.u] (4)
Pµν = gµν + uµuν ,
where η, ζ, σµν and Pµν are shear viscosity, bulk viscosity, shear tensor and pro-
jection operator, respectively [15, 17, 18, 19, 20]. Here we are interested in the shear
viscosity which can be derived by Green-Kubo formula [20, 21].
η = lim
ω→0
1
2ω
∫
dt d~x eıωt
〈
[T xy (x), T
x
y (0)]
〉
= − lim
ω→ 0
1
ω
ℑGx xy y (ω,~0). (5)
Notice that the Green-Kubo prescription is independent of details of the bulk theory.
Furthermore, the Gauss-Bonnet massive gravity has the advantage of being second
order in derivatives of metric perturbation, so the Green-Kubo procedure preserves for
the Gauss-Bonnet massive gravity.
In the following, after finding a black brane solution in the Gauss-Bonnet massive
gravity, we calculate the shear viscosity to the entropy density ratio by applying Green-
Kubo formula. The result shows that this ratio depends on both Gauss-Bonnet coupling
and the graviton mass and violates KSS conjecture as expected in a higher derivative
theory.
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2 Gravity Setup and the Black Brane Solution
The action of Gauss-Bonnet massive Gravity is as follows [7, 8],
I =
1
16πG5
∫
d5x
√−g
[
R+
12
L2
+
λgb
2
L2Lgb +m2
4∑
i=1
ciUi(g, f)
]
(6)
Lgb = R2 − 4RµνRµν +RµνρσRµνρσ
where R is the scalar curvature, f is a fixed rank-2 symmetric tensor and m is mass
parameter. In Eq.(6), ci’s are constants and Ui are symmetric polynomials of the
eigenvalues of the 5× 5 matrix Kµν =
√
gµαfαν given as [7, 8]
U1 = [K]
U2 = [K]2 − [K2]
U3 = [K]3 − 3[K][K2] + 2[K3]
U4 = [K]4 − 6[K2][K]2 + 8[K3][K] + 3[K2]2 − 6[K4]
The square root in K means (√A)µν (
√
A)νλ = A
µ
ν and the rectangular brackets denote
traces.
We consider the following metric ansatz for a five-dimensional planar AdS black brane,
ds2 = −r
2N(r)2
L2
f(r)dt2 +
L2dr2
r2f(r)
+ r2hijdx
idxj , (7)
A generalized version of fµν was proposed in [7, 8] with the form fµν = diag(0, 0, c
2
0hij),
where hij =
1
L2
.
The values of Ui are calculated as below,
U1 = 3c0
r
, U2 = 6c
2
0
r2
, U3 = 6c
3
0
r3
, U4 = 0
Inserting this ansatz into the action Eq.(6) yields,
I =
1
16πG5
∫
d5x
3N(r)
L5
[
r4
(
1− f(r) + λgbf(r)2
)
+m2L2c0
(
c1r
3
3
+ c0c1r
2 + 2c20c3r
)]′
(8)
in which ′ denotes derivative with respect to r. Equation of motion is given by variation
of N(r) [22],
[
r4
(
1− f(r) + λgbf(r)2
)
+m2L2c0
(
c1r
3
3
+ c0c1r
2 + 2c20c3r
)]′
= 0
f(r) is determined by solving the following equation,
r4
(
1− f(r) + λgbf(r)2
)
+m2L2c0
(
c1r
3
3
+ c0c2r
2 + 2c20c3r
)
= b4 (9)
3
in which b is an integration constant. This yields two solutions,
f±(r) =
1
2λgb
[
1±
√√√√1− 4λgb(1− b4
r4
)− 4m2L2λgb
(
2c30c3
r3
+
c20c2
r2
+
c0c1
3r
)]
. (10)
Since black brane should have an event horizon, we choose f−(r) of the solution above.
Notice f−(r) is zero at event horizon, r+, so we have,
b4 = r4+
[
1 +m2L2
(
2c30c3
r3+
+
c20c2
r2+
+
c1c0
3r+
)]
(11)
That’s easy to show that N(r) is constant by variation of f(r) from Eq.(8). We
use the dimensionless variable z = r
r+
ds2 = −z
2r2+
L2
N2f−(z)dt
2 +
L2dz2
z2f−(z)
+
r2+z
2
L2
3∑
i=1
dx2i (12)
with substituting b4 in f−(r),
f−(z) =
1
2λgb
[1− Γ(z)] (13)
Γ(z) =
√√√√1 + 4λgb
z4
[
1− z4 +m2L2
(
2c30c3
r3+
(1− z) + c
2
0c2
r2+
(1− z2) + c1c0
3r+
(1− z3)
)]
(14)
In AdS/CFT correspondence, the speed of light in the boundary CFT is simply c = 1.
So that, for the black brane solution in the asymptotic region we have limz→∞N
2f−(z) =
1 to recover a causal boundary. By applying this criterion we will have,
N2 =
1 +
√
1− 4λgb
2
(15)
The temperature and the Hawking-Bekenstein entropy density follow,
T =
1
2π
[
1√
grr
d
dr
√−gtt]|r=r+ =
Nr2+
4πL2
f ′−(r+) =
=
Nr+
πL2
[
1 +
m2L2
4
(
2c30c3
r3+
+
2c20c2
r2+
+
c0c1
r+
)]
≡ Nr+
πL2
[
1 + ∆
]
(16)
s =
4π
V
∫
d3x
√−g = 4π
(r+
L
)3
, (17)
where in Eq. (16), the last equation defines parameter ∆ and in Eq. (17), we used
1
16πG = 1 so
1
4π = 4G.
We also generalize the metric ansatz to include spherical and hyperbolic, as well as
planar horizons:
ds2 = −(k + r
2
L2
f(r))N(r)2dt2 +
dr2
k + r
2
L2
f(r)
+ r2hijdx
idxj , (18)
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where hijdx
idxj is the following,
k = +1 : dΩ23 (metric on S
3),
k = 0 :
1
L2
3∑
i=1
(dxi)
2,
k = −1 : dΣ23 (metric on H3),
Note that for k = ±1, the above line element has unit curvature. The horizon is
determined by f(r+) = −kL2r2
+
.
3 Shear Viscosity for the Black Brane
Let us start with the black brane solution
ds2 = −r
2
+
L2
N2f˜ dt2 +
L2dz2
f˜
+
r2+z
2
L2
3∑
i=1
dx2i , (19)
in which f˜ = L
2
r2
+
f .
To find the shear viscosity, we perturb the background metric by hyx ≡ r
2
+z
2
L2
φ(t, ~x, z)
ds2 = −r
2
+
L2
N2f˜dt2 +
L2dz2
f˜
+
r2+z
2
L2
(
3∑
i=1
dx2i + 2φ(t, ~x, z)dx1dx2
)
, (20)
Plugging in the action (6) and introduce Fourier modes of φ, one finds
φ(t, ~x, z) =
∫
dωdq
(2π)2
φ(z, k)e−ıωt+ıqx , k = (ω, 0, 0, q)
I =
−1
2
∫
dzdωdq
(2π)2
[
K(∂zφ)
2 −K2φ2 + ∂z(K3φ2)
]
, (21)
where φ2 = φ(z, k)φ(z,−k) , φ(z,−k) = φ∗(z, k) and K’s functions will be introduced
in the following. We expand the metric up to second order of φ and by using the
general covariance symmetry1, the action can be written as follows,
I =
−1
2
∫
dzdωdq
(2π)2
H
[
gzz(∂zφ)
2 + gtt(∂tφ)
2 +m2
U(z)
H
φ2 + ...
]
, (22)
1A general procedure is given in [23].
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where,
K = Hgzz =
Hf˜
L2
K2
K
=
gtt
gzz
(−ω2 − m
2U
Hgtt
) =
L4
r2+N
2f˜2
(ω2 − m
2r2+N
2Uf˜
L2H
)
U =
−Nc0r2+
4L3
[
3c1r+z
2 + 2c0c2z + 108c
3
0c4z
−1
]
K = z2f˜(z − λgb∂z f˜)
H =
Nr4+
L3Γ(z)
[
(1− 4λgb)z3 − λgbL2m2
(
2c30c3
r3+
+
2c20c2z
r2+
+
c0c1z
2
r+
)]
(23)
in which we consider zero momentum q = 0. Notice the surface term K3 doesn’t
contribute to the viscosity. Mode equation can be derived from the action (21) as
follows,
Kφ
′′
+K
′
φ
′
+K2φ = 0 (24)
Firstly, we solve the mode equation near the horizon. In near horizon limit we have,
K2
K
≈ ω
2
B2(z − 1)2 (25)
K ′
K
≈ 1
z − 1 (26)
By comparing K2/K in (25) and (23) and ignoring the less singular term proportional
to m2, we obtain,
B =
Nr+
L2
f˜
′
(1) (27)
in which ′ denotes derivative with respect to z. This equation is singular at the horizon
z = 1. The mode equation at near horizon is,
φ′′(z)− 1
1− zφ
′(z) +
ω2
B2
1
(1− z)2φ(z) = 0 , (28)
where its solution is φ(z) = (1− z)β , with
β = − ıω
B
(29)
To solve the mode equation (24), we apply the following ansatz,
φ(z) = F (z)β(1− βh+O(β2)), (30)
where F (z) = N2f(z). Inserting (30) in (24) to first order of β, we obtain,(
KF ′
F
)′
−Kh′′ −K ′h′ +m2Uh = 0 . (31)
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It can be easily solved to find,
(K F
′
F
−Kh′)′ +m2Uh = 0, (32)
K F
′
F
−Kh′ = A1 −m2
∫ z
U(z′)h(z′)dz′ (33)
h = log F
A2
−A1
∫ z 1
K
dz +m2
∫ z dz1
K(z1)
∫ z1 U(z2)h(z2)dz2 (34)
where A1 and A2 are integration constants. From the above equation, h can be found
perturbatively. However we need only near horizon and near boundary behavior of h
as we perform in the Appendix. For m2 = 0 we have,
h(0) = log
F
A2
−A1
∫ z 1
K
dz (35)
To be regular at the horizn it is enough to take A1 = K
′(1) and this preserves to all
orders of m2 as shown in the Appendix. We can read the retarded Green’s function by
expanding the action up to second order of source or the value of field on the boundary,
S = −1
2
∫
d4k
(2π4)
Ja(−k)Fa(k; z)Ja(k)
∣∣∣∣∣
z= 1
ǫ
, (36)
then the retarded Green’s function GR(k) in momentum space for the boundary field
dual is given by,
GR(k) = − lim
ǫ→0
Fa(k, z)|z= 1
ǫ
, (37)
which can be calculated by the prescription given in [24, 25],
GR(ω,~0) = Kφ
∗∂zφ+K3φ
2 = KF−β(1 + βh)βF β(
F ′
F
− h′)
= β
(
A1 − E
∫ z
U(z′)h(z′)dz′
)∣∣∣∣∣
z→∞
= − ıω
B
A1 (38)
In the first lineK3φ
2 is real and doesn’t contribute to the viscosity, so we drop this term
in the retarded Green’s function. In the second line the integral term includes terms
proportional to c1, c2 and c4. A simple power counting indicates that the perturbative
calculation of h diverges for z → ∞ unless c1 = c2 = 0 and c4 term converges to zero
as we show in the Appendix.
Shear viscosity can now be found by using Green-Kubo formula as in the following,
η = − lim
ω→0
1
ω
ℑGR(ω,~0) = A1
B
=
L2
r+Nf˜ ′(1)
K ′(1) (39)
We can calculate K ′(1) as below,
K ′(1) = (Hgzz)′|z=1 = (H ′gzz +H(gzz)′)|z=1 = H(gzz)′|z=1 = Hf˜
′
L2
|z=1 (40)
Then by substituting Eq.(40) in Eq.(39), we will have,
η =
A1
B
=
H(z = 1)
Nr+
(41)
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and the ratio of shear viscosity to entropy density is,
η
s
=
1
4π
L3
Nr4+
H(z = 1). (42)
For the Einstein-Hilbert massive gravity H =
√−g = Nr
4
+
L3
, then the ratio of shear
viscosity to entropy density is η
s
= 14π independent of the graviton mass.
We apply Eq.(42) for our black brane, with H given in Eq. (23)
η
s
=
1
4π
[1− 4(1 + ∆)λgb] (43)
=
1
4π
[1− 4πL
2Tλgb
Nr+
] (44)
where ∆ is in the following,
∆ =
L2m2
4
(
2c30c3
r3+
+
2c20c2
r2+
+
c0c1
r+
)
(45)
=
L2m2c30c3
2r3+
(46)
where in the last line we put c1 = c2 = 0. For m = 0 we have,
η
s
= 14π [1− 4λgb] which
is the well known result for the Gauss-Bonnet gravity.
4 Conclusion
In this paper we introduced a new solution to the Gauss-Bonnet massive gravity and
showed that the lower bound η/s = 1/4π known as KSS conjecture [26] violates for the
black brane in this gravity. This is not surprising in the context of higher derivative
theories [27]-[32].
Results where exact in both the Gauss-Bonnet coupling and the graviton mass. It
is interesting that for zero Gauss-Bonnet coupling the graviton mass disappears in the
viscosity to entropy ratio and the result saturates the KSS bound, 1/4π. On the other
hand, inclusion of mass to the Guass-Bonnet looks like rescaling the Gauss-Bonnet
coupling as λgb → (1 + ∆)λgb in the viscosity to the entropy ratio with ∆ a mass
dependent parameter. Recalling the causal boundary criteria in (15), it indicates that
4λgb < 1. Now the rescaling of λgb either decreases or increases the bound on η/s ratio
depending on the sign of ∆. In any case, 1 + ∆ is a positive parameter proportional
to temperature as given in (16).
Acknowledgment Authors would like to thank Ali Imaanpur and Ahmad
Moradpur for useful discussions.
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Note added As this article was being completed, we received the preprint [33]
which has found the same solution as ours.
Appendix
Here we study the behavior of h function at the horizon and boundary limits.
Firstly consider the following perturbative expansion of h in powers of m2:
h(z) = h(0)(z) +m2h(1)(z) +m4h(2)(z) + · · · (47)
where h(0) is given in (35) and higher orders can be found by
h(n+1)(z) =
∫ z dz1
K(z1)
∫ z1
U(z2)h
(n)(z2)dz2 (48)
On the other hand, F and K are regular functions at z = 1,
F ≈ F ′(1)(z − 1)
K ≈ K ′(1)(z − 1). (49)
Thus to have non-singular h(0) at the horizon, A1 is chosen to be A1 = K
′(1). This
result preserves at higher orders. Notice U is a constant at the horizon, so taking
A2 = 1 then h
(0) ≈ C(z − 1) + · · · with C some constant and
h(1)(z) ≈
∫ z dz1
K(z1)
∫ z1
U(z2)C(z2 − 1)dz2 = U(1)C
4K ′(1)
(z − 1)2 (50)
then h(n)(z) = 1
(n!)2
(
U(1)C
K ′(1)
)n
(z−1)n+1+· · · . This guarantees that h vanishes smoothly
near the horizon for any order of m2.
In the same way, we analyze the near boundary behavior of h. For z →∞, we have
K ∼ z3, F = N2f ∼ 1, and with A2 = 1, one finds h(0) ∼ 1/z2. Higher orders of h can
be derived perturbatively from Eq. (48).
Recall U(z) includes terms proportional to c1z
2, c2z and c4z
−1. It is easy to show
that positive powers of z in U lead to increasing power of z in each step of perturbation
for h and give a logarithmic divergence in few steps. So we have to take c1 = c2 = 0.
For c4 6= 0 the integral converges at the boundary and indeed has zero contribution to
the viscosity:
h(1)(z) ∼
∫ z dz1
K(z1)
∫ z1 c4z−12
z22
dz2 ∼ 1
z4
(51)
Therefore h(n)(z) ∼ 1/z2n+2 and the integral in Eq. (38) becomes∫ z
U(z′)h(n)(z′)dz′ ∼
∫ z (z′)−1
(z′)2n+2
dz′ ∼ 1
z2n+2
→ 0 (52)
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